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Abstract

Full-waveform inversion (FWI) imaging is a high-resolution seismic imaging technique
that directly produces subsurface images by inverting the full recorded wavefield.
However, its reliability is often limited by numerical dispersion errors arising from
finite-difference (FD) forward modeling. One key approach for reducing dispersion is to
optimize the FD coefficients using an optimization algorithm. However, conventional
methods for optimizing FD weights focus only on reducing spatial dispersion, which
can weaken numerical stability, especially when using large time steps (i.e., high
Courant-Friedrichs-Lewy [CFL] numbers). To address this issue, we introduce a new
optimization approach that improves both simulation accuracy and stability. The
proposed method combines error functions from both the time-space domain and
the spatial domain into a single adaptive objective function. A dynamic weighting
factor, which depends on the CFL number, facilitates a trade-off between accuracy
and stability of the optimal FD weights. We also use the seismic wavelet spectrum as
prior information to constrain the optimization. The optimization problem is solved by
the least-squares method. In the theoretical test, the proposed weights significantly
reduce wavefield simulation errors across a wide range of wavenumbers, with a higher
CFL number than conventional approaches. When applied to FWI, this method reduces
phase distortion and local minimain the objective function. In a test using the Marmousi
model at 40 Hz, our approach produced clear and continuous deep structures, closely
matching results from dispersion-free benchmarks. In contrast, conventional methods
failed due to severe dispersion. This work provides a more robust numerical foundation
for high-frequency FWI imaging by improving both accuracy and stability.

Keywords: Finite-difference weights; Full-waveform inversion; Full-waveform inversion
imaging; Dispersion error
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1. Introduction

Full-waveform inversion (FWI), initially proposed by
Lailly' and Tarantola,* and extensively reviewed by Virieux
and Operto,’ is an elegant and natural way to handle full-
wavefield data with a proper modeling engine. The power
of FWI not only enhances velocity model building but also
opens new avenues for seismic imaging.*® By leveraging
the full wavefield and high-resolution physical property
models recovered by FWI, it becomes possible to derive
reflectivity and structural information directly from these
models, offering an alternative to conventional migration
techniques.”®

FWI imaging has advanced rapidly in recent years.
Lu’ demonstrated that the one-dimensional derivative of
a high-resolution FWI velocity model yields a reflectivity
estimate that delivers enhanced imaging compared to
conventional techniques. To better image dipping events,
Huang et al'® applied a three-dimensional derivative
aligned with the normal to the dominant dip direction.
In a different approach, Operto et al.'' performed a
direct reflectivity inversion within a multiparameter FWI
framework.

However, the highly non-linear nature of the FWI
objective function makes it highly susceptible to local
minima, with “cycle-skipping” being a central challenge to
its convergence. To mitigate this issue, various strategies
have been developed, primarily focusing on expanding
the inversion search space and enhancing the convexity
of the objective function. For instance, reflection FWI
circumvents cycle-skipping by separating tomographic and
migration modes, preferentially using reflected waves to
construct long-wavelength background velocity models.'
Furthermore, physics-based low-frequency extrapolation
or the use of deep learning networks to directly build initial
models have proven effective in enlarging the convergence
basin of FWL" Alternatively, extending the inversion search
space beyond the single-scattering Born approximation
provides a rigorous mathematical framework to mitigate
the non-linearity issue." On the other hand, designing
more convex objective functions, such as envelopes or the
Wasserstein distance, can mathematically reduce the risk of
converging to local minima. In recent years, deep learning-
based velocity inversion methods have shown great
potential by learning complex non-linear mappings from
data to models, bypassing the local minima issues inherent
in conventional FWIL." Concurrently, stable numerical
simulation forms the cornerstone of implementing these
advanced algorithms. In this context, absorbing boundary
conditions compatible with the finite-difference (FD)
method, such as the residual perfectly matched layer, are
crucial for suppressing boundary reflections and ensuring

a clean wavefield."” Nevertheless, a fundamental and often
overlooked problem remains: if the forward modeling
engine itself contains significant errors due to numerical
dispersion, it introduces non-physical, spurious local
minima into the inversion process, which can undermine
or even negate the effectiveness of the aforementioned
advanced inversion techniques.

The accuracy of the numerical forward modeling
in the inversion process is crucial for the reliability of
the FWI results. Among various numerical methods,
the FD scheme has become the predominant choice for
large-scale FWI applications due to its computational
efficiency and straightforward implementation.'*” FD
simulations are often affected by numerical dispersion,
which can significantly reduce the quality of the synthetic
wavefield. The inherent errors of the FD scheme arise
from the truncation of higher-order terms in the FD
approximation, leading to spatial discretization errors.'*"
This dispersion phenomenon becomes increasingly severe
at higher frequencies. Unfortunately, reflectivity imaging—
essentially a high-frequency inversion process—requires
the numerical simulation of high-frequency seismic
wavefields during FWI imaging. Such a high-frequency
wavefield simulation tends to exacerbate numerical
dispersion.

Toaddresstheseproblems,acommonstrategytomitigate
this dispersion error is the optimization of FD weights
with broad bandwidth coverage.?*** Various optimization
approaches have been developed to compute FD weights.
One approach involves optimization under different
norms, including the L_-norm,”* the L,-norm,”** and
the L -norm.”” Another strategy uses window functions
to truncate the wavefield’s pseudospectrum for coefficient
derivation.?»*

An ideal FD scheme would be entirely free from
numerical dispersion across all frequencies, perfectly
preserving the dispersion relation. Although thisideal is not
yet attainable, two practical criteria are widely considered:
maximizing the bandwidth within a given error tolerance,
or minimizing the error within a given bandwidth.?® Due
to its equiripple characteristic, the optimized FD weights
delivered by the Remez exchange algorithm can maximize
the bandwidth under a given error tolerance.?**
In contrast, due to its L -norm objective function, the
alternating direction method of multipliers approach is
effective at minimizing the numerical error within a given
bandwidth.”

However, since conventional optimization of FD
weights does not account for the influence of simulation
parameters, the resulting “optimized” weights may, in some
cases, introduce even greater simulation inaccuracies. This
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phenomenon indicates a fundamental limitation: existing
methods minimize the dispersion relation error rather than
the actual wavefield simulation error. Although Peng and
Huang® incorporated wavefield information to improve
FD simulations by reducing the spatial dispersion relation
error, their approach overlooked numerical stability
considerations. Optimization schemes based solely on the
spatial dispersion relation often reduce the stability of the
FD simulation. Moreover, in their computational process,
they used a double-loop mechanism combined with an
exhaustive search method to compute the optimized
weights, which significantly increased computational
resource consumption.

Furthermore, practical applications frequently face
challenges related to stability constraints, especially when
spatial or temporal sampling rates exceed the stability
condition. Most of these optimization approaches focus
solely on minimizing the error of the spatial dispersion
relation. This way of optimizing the FD weights often
compromises the stability of the FD method and fails to
meet the demands of practical applications. In a previous
study, Liu and Sen* introduced a method that uses the
error in the spatial-temporal dispersion relation as the
objective function to optimize FD weights, which was
shown to extend the stability limit of the FD scheme.

In this study, we propose a novel optimization method
for FD weights that combines the dispersion relation
in the space domain and the time-space domain. By
incorporating wavefield simulation parameters as prior
information, we formulate an L -norm constrained
optimization problem and obtain a global solution via
the least-squares method. Through theoretical analysis
and numerical tests, we demonstrate the advantages of
the proposed method in reducing dispersion error and
enhancing stability. Furthermore, we investigate the impact
of FD dispersion errors on the FWI objective function and
subsequently evaluate the FWI imaging performance using
both the proposed and conventional methods on simple
and complex models. Our results demonstrate that the
new method effectively suppresses numerical dispersion
in FWI, mitigates cycle-skipping issues, and delivers high-
resolution images.

2. Theory of optimized FD weights

The two-dimensional acoustic wave equation is expressed
as Equation 1:

1 &’u, O'uy
e 20 = 20 (1)
v: ot Ox

where u;’ denotes the scalar pressure wavefield, with

the notation shown in Equation 2:

ik(x-+qh)—io(t+pr) (2)

where e is the base of the natural logarithm, u denotes a
constant amplitude of the wavefield, k is the wavenumber,
and o is the angular frequency. Here, h represents the
spatial grid size, t is the time step, and v stands for the
velocity.

P _
uq ue

A conventional explicit second-order FD approximation
for the temporal derivative is given by Equation 3:
d'uy 1 0 1 -1
6t20 ~ T—z[—ZuO +uy + 1, ] (3)

On a uniform grid, a 2M"-order FD discretization of
the spatial derivative can be written as Equation 4:***

Quy 1

p ~h—2{cou§ +icm [ufn +u’ ]} (4)
m=1

where ¢, and ¢ are FD weights, and 2M denotes the
order of the FD scheme. Substituting Equations 3 and 4
into 1 and rearranging it, we can obtain Equation 5:

%[—2143 +uy + u;] ~ ;—Z{coug + icm [ufn +u’ ]} (5)
T

m=1

R

Substituting Equation 2 into the above expression
transforms it into the frequency-wavenumber domain, as
shown in Equation 6:

2
%[—2 + 2cos(an')JU(k,a)) ~ %

|:CO +2§:cm cos(mkh)} (6)

m=1

where U(k) denotes the spectrum of the seismic
wavefield u(x). When k=0, the FD weights satisfy

M
= —ZZcm . Using this relation and the identity v =7
m=1

Equation 6 can be reformulated as Equation 7:

r [—2 + 2cos(rkh)]U(k) ~ U(k)Zicm [cos(mkh) - 1]
m=1
(7)
where r = % , r denotes the Courant-Friedrichs-Lewy
(CFL) number.

The value 0.505 represents the maximum stable CFL
number (r_ ) for the conventional FD weights when
M=6, which serves as a key parameter for evaluating
numerical stability. Furthermore, as the order of the FD
scheme increases (increasing M), the r_  continues to
decrease.
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The FD method introduces numerical errors in wave
equation simulation due to the truncation of the Taylor
series in its approximation. The specific form of this error
is given by its expression in the frequency-wavenumber
domain, as shown in Equation 8:

£ :U(k){%arcsin\/ﬁicm sinz(mkh/Z) —1} (8)

7

M
where ——sin”! \/TZZcm sin’ (mkh/2) —1 represents
rkh =
the phase velocity error formula. If we directly construct
the objective function based on the phase velocity error,
the non-linear nature of the inverse trigonometric function
would make it difficult to solve for the optimized FD
weights. To circumvent this, we derived a simplified
objective function from Equation 7 that avoids the arcsin
function non-linearity, as shown in Equation 9:

rsz_;cm [cos(mkh)— 1] i

[cos(rkh)—l] ©

Q=U(k)

Thus, the numerical simulation error arising from the
discretization can be expressed as Equation 10:

E=["U(k)®(k)dk (10)

where E denotes the cumulative simulation error in the
time-space domain, and ®(k) represents the dispersion
relation in the time-space domain, defined as

r’ ﬁcm [cos(mkh) - 1]
[cos(rkh) —IJ

wavenumber. According to the Nyquist theorem, the

maximum value of kh is . Therefore, Equation 10 can be
rewritten as Equation 11:

—1. Here, is the maximum

E :jfu(k)cp(k)dk (11)

Optimizing the FD weights based on this time-domain
functional error can significantly improve the stability
of the FD scheme. However, such optimization alone is
insufficient to fully suppress spatial dispersion errors.
To address this limitation, it is necessary to introduce
a regularization term into the objective function that
specifically constrains spatial dispersion. In this study, we
incorporated the relative error of the spatial dispersion
relation as an additional constraint to effectively reduce
spatial dispersion during numerical simulation.

The spatial dispersion relation is derived from the
spatial second derivative in the wave equation and its FD
approximation, mathematically expressed as Equation 12:

Quy 1

= zh—z{coug +§:cm [u?n +u’ ]} (12)
m=1

By substituting the plane wave solution, it can be
simplified into the following form shown in Equation 13:

(kh) U (k) z2§cm [ cos(mkh)-1]U (k) (13)

Minimizing the spatial dispersion error ensures that
the FD scheme closely approximates the true, continuous
spatial second derivative, thereby yielding optimized FD
weights that effectively reduce spatial dispersion.

The dispersion relation in the time-space domain,
on the other hand, involves approximating the FD
scheme of the temporal second derivative using the FD
scheme of the spatial second derivative. Minimizing
the dispersion error in the time-space domain aims to
align these two schemes more closely. In this case, the
objective of optimizing FD weights does not accurately
approximate the true continuous spatial second
derivative by minimizing the dispersion error in the
time-space domain. Consequently, optimizing the
temporal dispersion error alone does not contribute to
the reduction of spatial dispersion.

To simultaneously extend the stability limit and
minimize spatial dispersion, we proposed a novel adaptive
weighting method for constructing the objective function.
The core idea is to dynamically adjust, based on the
current CFL number r relative to the stability limit r_,
the weighting in the objective function between the time—
space domain dispersion error and the spatial domain
dispersion error. This enables the optimization process
to ensure numerical stability at high CFL numbers while
maintaining spatial simulation accuracy at low CFL
numbers. The new objective function is defined as follows
in Equation 14:

J=[lo@efaa)[Fumefa
=A+A(r)B

2
where"on2 represents the L -norm function, and J

represents the total objective function value. A denotes the
time-space domain dispersion, which directly influences
the stability of the numerical simulation. Minimizing A is
crucial for ensuring that the time-stepping algorithm
remains stable at larger CFL numbers. In Equation 14,
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Zicm [cos(mkh) - IJ
o=

domain dispersion, which controls the accuracy of the
simulation.

,and B represents the spatial

Minimizing B effectively suppresses numerical
dispersion and ensures the accuracy of wavefield modeling.
A(r) is the adaptive weighting function. It is the core of this
method. This function depends on the CFL number r and
dynamically balances the weights of A and B during the
optimization process, as shown in Equation 15:

l(r)z/l{l—;} (15)

1+t
where A(r) is the adaptive weighting function. The
weighting function A(r) is designed to prioritize numerical
accuracy at low CFL numbers while ensuring numerical
stability at high CFL numbers. We employed a sigmoid
function forA(r), and the design rationale for its three core
hyperparameters is detailed below:

(i) Base weight (A, = 1,000): This parameter is assigned
a very large value to ensure that at low CFL numbers
(r < r,), the objective function is dominated by
the spatial dispersion error B. This establishes
an  “accuracy-priority”  optimization  strategy,
guaranteeing that the optimized FD weights suppress
spatial numerical dispersion to the greatest extent
possible under conditions where stability is not a
constraint, thereby preserving wavefield fidelity.

(ii) Transition Center (r ): For example, when using
the optimized FD weights (M=6) obtained by a
conventional optimization algorithm, such as the
least-square method, the stability limit 70 < 0.505,
and r,=0.5050. It acts as a proactive buffer threshold,
marking the critical point where the optimization
strategy shifts from “accuracy-priority” to “stability-
priority” By triggering this transition preemptively,
the algorithm begins to adapt before nearing the
theoretical stability boundary, thereby enhancing the
robustness of the method.

(iii) Steepness factor (p = 100): A relatively large steepness
factor ensures that the weighting function A(r) changes
rapidly and sharply around the transition center r,.
This “switch-like” behavior forces the optimizer’s focus
to shift decisively from minimizing dispersion error
in the space domain to minimizing that in the time-
space domain once the CFL number enters the critical
region, enabling an efficient search for coefficients that
satisfy the stringent stability requirements at high CFL
numbers.

These three hyperparameters work in concert to form
an intelligent optimization framework. They empower our
method to automatically and smoothly make an optimal
trade-off between accuracy and stability in response to
the CFL number, which is the key to achieving higher
computational efficiency without sacrificing numerical
accuracy.

In Equation 14, the functional incorporates the seismic
wavefield spectrum. Directly obtaining this spectrum
generally necessitates numerical forward modeling—a
process often computationally prohibitive for practical
applications. Given that the wavenumber spectrum of
the wavefield in forward modeling is largely governed
by the frequency spectrum of the seismic wavelet, we
approximated the preconditioning operator using the
wavelet spectrum.

Using a wavelet to approximate the wavefield function
constitutes an incomplete representation, which may
introduce errors under certain conditions, such as in
complex media. We conducted forward modeling using
20 Hz and 40 Hz seismic wavelets in a complex medium,
and compared the amplitude spectra of the seismic
data with those of the source wavelet. As illustrated in
Figures 1 and 2, under both 20 Hz and 40 Hz conditions,
discernible deviations were observed between the
amplitude spectrum of the seismic data (blue curve)
and that of the seismic wavelet (red curve) across both
high- and low-frequency ranges. This indicates that the
wavelet spectrum does not fully characterize the frequency
response of the seismic wavefield. Nevertheless, such an
approximation error remains well within acceptable limits
for our algorithm. Therefore, we adopted the wavelet

Ay
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Figure 1. Comparative analysis of the 20 Hz seismic data and theoretical
Ricker wavelet in time and frequency domains. (A) Normalized time-
domain comparison. (B) Normalized spectrum comparison.
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spectrum as a viable approximation to the frequency
response of the seismic data.

Through this approximation, the U(k) becomes a
preconditioning operator determined by the dominant
frequency. Thus, the new objective function can be
formulated as Equation 16:

i
A joﬂ U, (kW(f,2))o(K)| dk (16)

where U, (k,W (f ,r)) depends on the wavenumber and
the seismic wavelet, W (f ,7) represents the Ricker wavelet
generation operator.

U, (kW(f,2)) (k)] di-+

The solution to Equation 16 was found using a
least-squares algorithm. According to Liu and Sen,*
the optimized FD weights obtained by the least-square
method can be solved by setting an effective bandwidth
(k). If the objective function value is larger than the

setting value, we should decrease the effective bandwidth
(k,;) to obtain the new FD weights that can output a lower

objective function value. Given that the objective function
is linear and concave, it has a single lowest point—a global
minimum. Thus, we can search for the optimal FD weights
using the linear search method. Once the simulation error
converges to this minimum, the optimal FD weights for the
simulation setup can be determined. These weights result
in lower simulation error and allow for a more relaxed
stability condition.

This process leverages the key property that the
objective function is convex, guaranteeing the existence
of a unique global minimum. The search is initialized
with the maximum effective bandwidth (keﬂ = 1) to
encompass the full wavenumber range. The algorithm
then progressively decrements the effective bandwidth
by a small, fixed step size (e.g., Ak = 0.01). For each step,
a set of candidate FD weights is computed by solving a
least-squares problem, and the corresponding objective
function value is evaluated. By sequentially comparing
the objective function values between successive steps, the
algorithm precisely identifies the turning point where the
function value transitions from decreasing to increasing.
An increase in the objective function value relative to the
previous step indicates that the search has moved past
the global minimum, and therefore the search process is
terminated. The effective bandwidth and its associated
FD coefficients that yield the minimum function value
are then identified as the global optimal solution. This
fully automated procedure eliminates heuristic parameter
tuning and ensures the robustness and reproducibility of
the results.

3. Simulation error and stability test

To validate the advantages of the proposed optimized FD
weights in improving simulation accuracy, we computed the
simulation error with the following simulation parameters:
v =2000 m/s, T = 0.001 seconds, h = 10 m, and a dominant
frequency f,, = 20 Hz. Based on Equation 16, we compared
the theoretical simulation errors between the new FD
weights and the conventional optimized FD weights. The
results, shown in Figure 3, clearly demonstrate a significant
reduction in theoretical simulation error achieved by the
new FD weights. This indicates that the proposed method
can effectively reduce the simulation error.

>
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Figure 2. Comparative analysis of 40 Hz seismic data and theoretical
Ricker wavelet in time and frequency domains. (A) Normalized time-
domain comparison. (B) Normalized spectrum comparison.
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Figure 3. The comparison of simulation error ] for the new method and
the conventional optimized finite-difference weights (COP)
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Furthermore, we conducted a comparative analysis
from the perspective of numerical stability. For the two-
dimensional acoustic wave equations, the stability limit
condition can be expressed as Equation 17:

int((M-~+1)/2) e

rmax =2 z C2m71 (17)

m=1

To evaluate the improvement in stability of the new
method, we computed optimized weights using the
proposed method within 12"-order FD weights (M=6).
We compared the maximum CFL number, ensuring
numerical stability for conventional optimized FD weights
and the new FD weights. The results, presented in Figure 4,
indicate that the new FD weights significantly extended
the stability boundary, effectively enhancing the stability of
the FD simulation scheme. Two theoretical tests confirmed
that the proposed method offers significant advantages in
both reducing simulation error and enhancing FD stability.

To evaluate the maximum stable CFL number
achievable by the proposed method for M = 3, 4, 5,
and 6, the objective function was performed by using
the theoretical maximum CFL number—i.e., a value
asymptotically approaching unity (since the CFL number
must not exceed 1)—rather than the CFL number
derived from simulation parameters. Under this limiting
condition, the optimized FD coeflicients computed by
the proposed method were found to remain stable only
up to a CFL number of 0.68. Numerical simulations
became unstable when the CFL number determined
by the simulation parameters exceeded this threshold.
Nevertheless, as summarized in Table 1, the proposed
method demonstrated a measurable improvement in
the maximum allowable CFL number compared with
conventional schemes, achieving an average increase
of approximately 20%. To validate this stability limit in
practice, a numerical simulation was conducted using
the optimal FD weights at CFL=0.68. The resulting shot
record, presented in Figure 5, was successfully generated
without instability, confirming the robustness of our
method under this enhanced CFL condition.

Table 1. Comparison of maximum stable Courant-
Friedrichs-Lewy numbers between conventional and
optimized finite-difference schemes

Operator lengths 3 4 5 6
0.575224  0.554632 0.541266 0.531759

Conventional
finite-difference weights

Optimal 0.680336  0.688629 0.677551 0.684886

finite-difference weights

Stability improvement 15.45% 19.46% 20.11% 22.36%

4.FWI imaging test

The objective function of FWI is defined as follows in
Equation 18:

]:

2

d

cal

d

obs

(18)

2

where d_, represents the simulated data. During the
FWI process, d , = S, where S denotes the sampling
operator, and u is the wavefield, which is the numerical

solution of the wave equation. d , is the observed data.

0.55 T ; T T

0.545 | 1

054 7

0.535
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0.525 [
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Figure 4. Stability comparison for the new method, the conventional
optimized finite-difference weights (COP), and the conventional Taylor-
expansion method (TES)
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0 2
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£ 0.5
E

Figure 5. A shot record simulated using the optimized finite-difference
weights at a Courant-Friedrichs-Lewy number of 0.68
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This study focused on the impact of the FD forward-
modeling algorithm on FWI imaging results. Here, “FWI
imaging result” specifically refers to the spatial derivative
of the inverted velocity model, as shown in Equation 19:

o2
=V, (19)

where I denotes the FWI imaging result, V2 represents
the second-order spatial derivative, and v, is the high-
resolution full-waveform velocity inversion result. High-
resolution FWI requires matching the high-frequency
components in the observed data. Due to the nature of
FD methods, simulating high frequencies can introduce
significant numerical dispersion.

Toinvestigate theimpactofnumerical dispersionon FWI
imaging, a set of numerical experiments was conducted.
A horizontal layered model, depicted in Figure 6, was
employed as the true velocity model. The model spans 100
grid points in the lateral direction and 600 grid points in
depth, with a uniform spatial sampling interval of 10 m.
A Ricker wavelet with a dominant frequency of 40 Hz was
used as the source function. Wavefield simulation was
performed over a total duration of 2 seconds using a time
step of 1 ms. The resulting observed record, generated in
the absence of a direct wave, is presented in Figure 7A.

Accurate wavefield simulation relies not only on
high-precision spatial discretization methods but also
on effective boundary treatments to suppress unphysical
boundary reflections. To achieve superior absorption, the
perfectly matched layer technique was introduced and
has since evolved. A perfectly matched layer introduces
a special absorbing layer surrounding the computational
domain, within which the wavefield is split and attenuated
exponentially, thereby efficiently absorbing outgoing
waves. Recent improvements, such as the residual
perfectly matched layer, have further enhanced absorption
performance and numerical stability.”” In the FWTI imaging
conducted in this study, to ensure effective control of
boundary reflections, the approximation absorbing
boundary condition was employed in all our numerical

Distance (km)
0 1 2 3 4 5

2,175
1,975
1,775

Figure 6. The layer model

experiments. Our optimized operator was responsible
for computing the spatial derivatives across the entire
computational domain (including both the interior and the
boundary layers), while the absorbing boundary condition
acted as a standard module applied at the boundaries to
absorb outgoing wave energy.

We conducted wavefield simulation and inversion tests
using three different methods to compare the effects of
numerical dispersion: (i) A dispersion-free method, which
serves as an ideal reference benchmark; (ii) a conventional
FD method employing conventional 12"-order Taylor-
series-based FD weights; and (iii) the proposed new
method, in which the weights are optimized using our new
scheme.

Figures 7B and 7C show the shot gathers generated
from the conventional and new methods, respectively. As
shown in Figure 7D, the wavefield simulation results under
a dominant frequency of 40 Hz demonstrate that the new
method produced only minor numerical dispersion (black
curve), while the conventional method exhibits severe
dispersive artifacts (blue curve).

Using the simulated data, we performed both
objective function analysis and imaging tests within the
FWI framework. Due to strong numerical dispersion,
the conventional method yielded an objective function
(Figure 8A) that contains numerous prominent local
minima, and prevented the optimization process from
converging to the global minimum. We further studied
how numerical dispersion hinders convergence in
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Figure 7. Shot gathers comparison for a source located at the middle point
of the model. (A) Analytical solution. (B) Conventional Taylor-expansion
method. (C) New method (Proposed). (D) Single trace comparison for
three solutions.
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Figure 8. Objective function landscapes for velocity estimation. (A) With
dispersion error. (B) Without dispersion error (including travel time
difference curve).

waveform inversion. Dispersion retarded the high-
frequency components of a seismic wave, which increased
the proportion of low-frequency energy within the main
lobe of the arrival, thereby broadening it. As a result, the
main lobe becomes broader. In the objective function,
this appeared as a wider and smoother central region,
which lowered the resolution and accuracy of the model
updates.

In contrast, the objective function derived from the
dispersion-free simulations (Figure 8B) had more stable
convergence behavior. This result demonstrates that
numerical dispersion significantly increases the risk of
becoming trapped in local minima, thereby affecting both
the convergence behavior and the convergence speed of
the inversion.

Figure 9 presents the FWI velocity model comparison.
Figure 9A shows the dispersion-free reference inversion
result, Figure 9B corresponds to the result obtained
using the conventional method with strong numerical
dispersion, and Figure 9C displays the result from the
proposed optimized method. In terms of imaging results,
the proposed new method (Figure 9C) closely matched
the dispersion-free benchmark (Figure 9A). The events
were continuous and clear, with no false structures caused
by numerical dispersion. However, the result from the
conventional method with strong dispersion (Figure 9B)
showed clear artifacts.

These artifacts have distinct spatial patterns. First,
lower seismic velocities resulted in higher wavenumbers at
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Figure 9. FWI velocity model comparison. (A) Reference solution without
dispersion. (B) Result from the conventional method with artifacts. (C)
Result from the proposed optimized method. (D-F) Zoomed-in views of
the shallow target area corresponding to (A-C).

a given frequency. Thus, the strong numerical dispersion
appeared in the upper part of the model, where velocities
were low. This strong dispersion amplified noise related to
direct waves—often manifesting as repeated acquisition
footprints—making such noise prominent in the shallow
section (red box in Figure 9B). Second, the numerical
dispersion distorted wavefield paths and imaging
geometry, resulting in stronger migration swing artifacts.
In the image, these artifacts appeared as strong events
below the source location. By comparing Figure 9D-F, we
observed that these events had higher energy and covered
a larger area, which affected the identification of useful
shallow reflections.

To further study how dispersion influences the
results, we compared amplitude values from single traces
(Figure 9C). The conventional method result (red curve)
showed significant deviation from the dispersion-free
result (blue curve). In the shallow part, the conventional
result showed large amplitude errors. This is mainly
because severe dispersion causes a mismatch between
the simulated and observed direct waves, leading to
incorrect inversion updates near the surface (the black
box). In deeper layers, numerical dispersion resulted
in mispositioned reflections and oscillatory artifacts
(green arrows in Figures 9B and 10). The trace analysis
matches the artifacts seen in the full image, confirming
that numerical dispersion significantly influenced FWI
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results. It creates false reflections, strengthens acquisition
footprints and migration swings, and greatly reduces the
quality and reliability of the inversion.
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Figure 10. The single trace comparison of the full-waveform immersion
imaging result in Figure 9
Abbreviation: FD: Finite-difference.
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Figure 11. The subsurface models. (A) True velocity model. (B) Initial
velocity model. (C) True reflectivity model.

To thoroughly evaluate the adaptability of the new
method to complex models, we conducted FWI imaging tests
using a section of the classic Marmousi model. The model
had dimensions of 200 x 400 grid points with a spacing of
10 m between adjacent points. The true velocity model is
shown in Figure 11A. The inversion started from a smoothed
version of the velocity model (Figure 11B) to reduce the non-
linearity of the inverse problem. In the numerical simulation,
we used a Ricker wavelet with a dominant frequency of 30 Hz
as the source and simulated 2.5 seconds of recorded data
with a sampling interval of 1 ms. The acquisition system was
configured with 20 shots evenly spaced at 200 m intervals
on the surface, and each shot was recorded with full receiver
coverage. A sample shot record located at the center of the
model is shown in Figure 12.

We first performed comparative FWI experiments
using the 30 Hz dominant frequency wavelet. The results
indicated that at this frequency, the inversion results from
the conventional, new, and dispersion-free reference
methods closely matched (Figure 13A-C). The inverted
velocity models converged to comparable levels. This
indicates that at 30 Hz, numerical dispersion was not
significant, and all three modeling methods provided
forward wavefields that met the accuracy requirements for
inversion. Thus, the objective function decreased stably
and converged to a solution near the global minimum.

To further investigate the effect of dispersion, we
repeated the inversion using a Ricker wavelet with a
dominant frequency of 40 Hz. Under these conditions, the
performance of the different methods varied significantly.
The conventional method produced shot records with
strong numerical dispersion (Figure 14B), particularly
in the shallow low-velocity zone, as indicated by the red
arrows.

Distance (km)
2

0

Time (s)

Figure 12. The observed data when the dominant frequency of the Ricker
wavelet was 30 Hz
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Figure 13. Full-waveform inversion imaging results at 30 Hz dominant
frequency. (A) Result from the analytical method. (B) Result from
the conventional Taylor-expansion method. (C) Result from the new
proposed method.

Severe wavefield distortion negatively impacted
the inversion process in several ways. First, because
dispersion was strongest in the shallow low-velocity zone,
wave energy was largely trapped near the surface. This
significantly reduced illumination in mid-deep regions,
leading to highly unbalanced inversion gradients with
depth. Compared with the dispersion-free reference
inversion result (Figure 15A), insufficient illumination of
deep structures resulted in very weak updates, causing the
conventional method to fail to recover the true reflections
(as marked by green arrows in Figure 15B). This also
caused the inversion gradient to deviate considerably from
the true descent direction. Second, severe phase distortion

and energy scattering in the waveform’s main lobe reduced
spatial resolution. Even in shallow areas where updates
were relatively concentrated, the recovered events did
not achieve the high resolution of that achieved under
dispersion-free conditions (as marked by the red arrows in
Figure 14B). Ultimately, the conventional inversion process
terminated prematurely due to rapidly deteriorating
gradient quality, preventing effective reconstruction of
deep structures.

In contrast, the new method and the dispersion-
free reference were free from these issues. Since their
wavefield simulations were unaffected by dispersion,
both methods produced well-distributed inversion
results and correct phase characteristics. As a result, both
methods yielded inversion results with higher resolution
and more accurate deep structures (Figure 15A and C).
These experiments demonstrated that as the dominant
frequency increases and the effect of low-velocity zones
becomes more pronounced, numerical dispersion has a
greater impact on FWI imaging results. It not only distorts
the wavefield phase but also degrades the accuracy of
inversion gradients, reducing update efficiency and
potentially causing inversion failure. The proposed new
method effectively suppressed numerical dispersion at
40 Hz and produced results similar to the dispersion-free
reference (Figure 15A and D), confirming its robustness
and adaptability in complex models and under higher-
frequency conditions.

5. Discussion

In this study, the wavefield spectrum U(k) was approximated
using the frequency spectrum of the source wavelet W(k)
as a practical preconditioner in the optimization problem.
While this approximation is computationally efficient and
works well in many scenarios, it is important to recognize
its limitations, particularly in strongly heterogeneous or
highly scattering media. In such environments, wavefield
propagation induces frequency shifts, scattering effects,
and spectral broadening that are not captured by the
source spectrum alone. Consequently, the approximated
U(k) may deviate from the true wavefield spectrum. As a
result, the FD weights optimized under this approximation
can deviate from the globally optimal solution. However,
this deviation leads only to sub-optimal, not invalid, FD
coefficients.

Although the resulting FD coefficients may be sub-
optimal due to the use of an approximate wavefield
spectrum, they are still highly effective for practical
wavefield modeling. In fact, the so-called sub-optimal
coeflicients often produce significantly more accurate
wavefields than those obtained from conventional FD
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Figure 14. Shot gathers comparison for a 40 Hz source. (A) Gather from the analytical method. (B) Gather from the conventional Taylor-expansion

method. (C) Gather from the new proposed method.
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Figure 15. Full-waveform inversion imaging comparison at 40 Hz dominant frequency. (A) Analytical method result. (B) Conventional Taylor-expansion
method result. (C) New proposed method result. (D) Amplitude profile comparison at a specific location.

methods. This observation is confirmed in our Marmousi
model experiment, where the wavefield simulated
using the proposed optimized coeflicients exhibited
reduced numerical dispersion and better fidelity to the
true wavefield, ultimately improving the quality of FWI
imaging. Therefore, despite the inherent approximation,
the method remains robust and beneficial for realistic
seismic applications.

Therefore, we regard the spectral approximation not
as a limitation that introduces numerical instability, but
as a practical and controlled compromise. It allows for
computationally efficient optimization of FD weights
while delivering robust performance across diverse
geological settings. Although the resulting coefficients
may be mathematically sub-optimal in a strict sense, they
are practically highly effective—consistently reducing
numerical dispersion and improving wavefield fidelity,

as demonstrated in our Marmousi experiment. This
approach thus remains a reliable and beneficial strategy
for enhancing the accuracy and quality of FWI in realistic
seismic imaging.

6. Conclusion

The core of this study is the successful development and
validation of a novel method for optimizing FD weights.
This method constructed an adaptive objective function
that integrates errors from both the time-space and
spatial domains, using the seismic wavelet spectrum
as a preconditioner. This approach effectively resolved
a common industry challenge where conventional
methods force a trade-off between simulation accuracy
and numerical stability. Theoretically and numerically,
we demonstrated that our optimized weights significantly
reduced simulation errors across a broad wavenumber
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range while substantially relaxing the stability limit, thus
permitting larger time steps and greater computational
efficiency. Applied to FWI imaging, the method
suppressed numerical dispersion, mitigated cycle-
skipping issues, and yielded clearer, deeper structural
images free from artifacts—even at high frequencies and
in complex models—closely approaching the quality of
ideal dispersion-free simulations. This work confirms that
high-quality forward modeling is crucial for successful
FWI and shows that the proposed optimizer extends the
performance limits of the FD method, offering strong
practical value for advancing high-frequency, high-
resolution FWT in real-world applications.
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