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ABSTRACT

Messud, J., 2020Generalization oKirchhoff reflectivity to go beyond modelling and
inversion of first-order reflectiondata - a theoretical reviewJournal of Seismic
Exploration, 29: 477504

| emphasize the connections and differerisgg/een Kirchhoff and Born modelling.

| seize the opportunity to clarify aspects related to possiblysmwoth propagating

media and the linearity approximation on reflectbrdiscuss how they lead to a general

expression for the conversion of a velocity perturbation into a reflectivityighrohe

Ogeneralized reflectivity" concept. Tiatteroffers opportunities:

* On FWI approaches that include a reflectivity or least squares migration approaches
that can be based on Kirchhoff or Born modelling: to rigorously convert the
reflectivity intoa velocity perturbation.

* In the framework of traditional Kirchhoff modelling scheme: to model-brser
effects that go beyond firsirder reflections (like firsorder diffractions).

* In the framework of traditional Kirchhoff inversion or true amplgumigration, i.e.
for the interpretation of seisminigrated images: to give a basis to interpret by AVA
(amplitude versus angle) more information than the amplitudes associated to
first-order reflections, for instance the amplitudes of -irster diffractors. Also, it
would theoretically allow to go beyond AVA analysis, inverting for the whole
seismic image amplitude information (not only amplitude information at peaks) to
rec_olver the related velocity model perturbatidimis is discussedormally in the
article.
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INTRODUCTION

The aim of seismic imagin{Claerbout, 1985)s to characterize the
geological structures of the subsurface from the analysis of seismic waves
(Aki and Richards, 1980; Chapman, 2004)central component of seismic
imaging is the scale separation, i.e. the separation of a smooth background
velocity cmontaining the long wavelength components of the true subsurface
velocity model from the short wavelength compongi@taerbout, 1985;
Tarantola, 2005)This separation is justified regarding the physical behavior
of these two components with respect to démited data (typically 3 to
80Hz) (Claerbout, 1985; Tarantola, 2005; Virieux and LambarZ, 2Qté)
background velocity exhibits a strongly nlmear behavior with respect to
the data, affecting the kinematics of the seismic events, while the short
wavelength components have a much more linear behavior, affecting mostly
the amplitudes of the events. As a consequence, recovery of the background
velocity and of the short wavelength components is usually done
sequentially(Lailly, 1983; Tarantola, 1984Yhe first step is to compute the
background velocity, typically by nedimear tomographic methodkuo and
Schuster, 1991)The second step is to compute the short wavelength
components through a linear inversion process, consideringoifdst
scatteredevents (reflections and diffraction§)arantola, 2005; Claerbout,
1971, Bleistein, 1987)called seismic migration or imaging. There are two
ways in seismic migration of linearly representing the short wavelength
components of the velocity model, usalea least square version (Huang et
al., 2016; Salomons et al., 2014)

e Using the Born approximatiofBeylkin, 1985, 1986; Lambare et al.,
1992;Bleistein et al., 2001 pased on a velocity model perturbation.

e Using the Kirchhoff approximatioriClaerbout,1985; Bleistein et al.,
2001; Stlok and De Hoop, 2002; ten Kroode et al, 1998;
BrandsberegDahl et al., 2003)where the short wavelength components
are represented through a reflectivity distribution,, ia.volumetric
distribution of reflection coeffi@nts. Inspired by the pioneering work of
(Beylkin, 1985, 1986)BleisteinOs groundbreaking w¢Bteistein, 187;
Bleistein et al.,, 2001fundamentally establishes the reflectivity and
shows how it can, at a later stage, be converted into material properties of
the subsurface through an additional inversion process like AVA
(amplitude versus angle) analy@eistein, 1987; Russell, 1988)

Full waveform inversion (FWIjTarantola, 2005Yirieux and Operto,
2009) is another approach for characterizing the subsurface velocity. Its
ultimate aim is to invert banlimited seismic data nelnearly for the full
range of wavelength compamts of the velocity model. In common FWI
applications, a local optimization scheme is used (each iteration being
related to a linearization, i,ghe Born approximation)Tarantola, 2005)so
that an initial velocity model that is sufficiently good kindmaly is
needed to avoid local minima. Then, the 4tioearity is sufficiently weak
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and FWI can invert for long wavelength components. A reflectivity can be
introduced within FWI to model firstrder reflections but it must be
converted into a velocity guturbation at each iteration for the velocity
update(Claerbout, 1985Berkhout, 1982; Xu et al., 2012)

Those two representations of the short wavelength components of the
velocity model, i.e. model perturbation (Born) versus reflectivity
(Kirchhoff), are commonly used. They are both based on a linearization, but
each offers some specifics. For instance, Born approximation allows for
modelling of firstorder reflections on weak discontinuities and fosder
diffractions, whereas Kirchhoff approxation allows for modelling of
first-order reflections possibly on strargdiscontinuities and postcritical
reflections. The connections and differences between the two have been
studied from different points of view, seeg, (Bleistan et al., 2001rsin
and Tygel, 1997Alferini, 2002; Beydoun and Jin, 19940 this paper, we
propose to emphasize those connections and differences in a refreshing way.

First, we briefly recall the chain of approximations leading to Kirchhoff
modelling equationsWe seize the opportunity to clarify some aspects
related to Kirchhoff modelling, concerning possibly remooth propagating
media and the linearity approximation on reflectdreen, we detail how
Kirchhoff and Born modelling can lead to very similar eegsions and how
we can derive a general expression for the conversion from velocity model
perturbation into reflectivity (and conversely) through a Ogeneralized
reflectivity” concept. We propose a different demonstration than the one
existing in the liteature(Ursin and Tygel, 1997We then point out, from a
formal point of view, the strengths and weaknesses of the Kirchhoff and
Born modelling schemes.

The generalized reflectivity offers opportunities:

* In the framework of traditional Kirchhoff modelg scheme: to model
first-order effects that go beyond fiustder reflections (like firsbrder
diffractions).

* On FWI approaches that include a reflectiiu et al., 2012)r least
squares migration approaches that can be based on Kirchhoff or Born
modelling (Huang et al., 2016; Salomons et al., 201t4) rigorously
convert the reflectivity into a velocity perturbation.

* In the framework of traditional Kirchhoff inversioor true amplitude
migration, for the interpretation by AVAof more information than the
amplitudes associated to fistder reflections, for instance the
amplitudes of firsorder diffractors. Also, it woultheoreticallyallow us
to go beyond AVA analysis, inverting for the whole seismic image
amplitude information(not only amplitude information at peaks) to
recover the related velocity model perturbatiorbhis is discussed
formally in this article.
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KIRCHHOFF MODELLING AND INVERSION

In the following, ! represents time! ! (x,!!!), position in the
subsurfacer,, position of an impulsive source of signatw@) and r,,
the receiver positions. Our tintkrection Fourier transform convention is
Alw) = fj;o dt! ~"# alt!. We use capital letters for the Fourier transform
result.

Seismic waves are frequently modelled assuming a constant density
acoustic approximation, i,eusing the scalar wave equation where the
subsurface model is parameterized by the velocity. The subsurface wavefield

I'(r, 11111 generated by a point source lat then obeys
I"glpg 1L P el RI3I
!![C!'(!)!'T— PP (trlel =1 (0 =10slt!
e,y =1 tand!! ;—! (r,,)=111"¢1t ! 0! (1)
! Y

I is the velocity of the subsurface. is assumed to satisthe Sommerfeld
radiation condition

Kirchhoff modelling

Reflectors (or Osmooth physical interfac¢Beistein et al., 2001are
defined by discontinuities in the modél that generate reflections.
Reflections are defined within-&der geometrical optics {§.0.) or
high-frequency approximation by the events that satisfy the -Bestartes
law, which imposes a particular direction to a reflected ray according to the
direction of the corresponding incident régleistein et al., 2001kerven”,

2001; Kravtsov and Orlov, 1990(Contrariwise,diffraction events do not
satisfy the SnelDescartes lawy

In the following, we consider a subsurface composed of infinitely
spread and sufficiently separated reflectors (in a sense that will be clarified
later), with a sufficiently smooth velocity between reflectors from tigeoO
point of view.!, denotes theposition of one reflector surface in the
subsurface. OAbovie, Omeans in the Oincident" medium by Isligbuse of
language, see Fig.. IThe Green functiong!!,,r,t) of the subsurface
satisfies eq. (1) withs!!) = §!t!. It is decomposed abovg into:

« An Oincident" field! ;,. that is generated by the source and does not
interact with S, and the medium below,; in other terms it satisfies
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eq. (1) aboveS, with I'!11) ! &1 and radiation (or Oabsorbidg
boundary) conditions o .

e Afield gry ! g — ginc that represents what remains,,ireflections
generated ors, andevents generatdztlow !, that Ocome back" into
the medium above ;. They are described through a boundary condition
on!,.

We briefly remindthe main steps that lead to therd¢fihoff modelling
approximation

Firstly, the Gg.o. approximatior('erven", 2001, Kravtsov and Orlov,
1990) for the Green function ;. makes it possible to separatg, into
the contributions related to &a of the travetime branches (or ray paths)
that reach!, for the source or receiver sides

* The sourcesideGreen functions
[T IR TS YR TR
L@y r Oy Oemy
(2a)

where ! denotes the travéime branch numbersl !!,! denotes the
number of direct traveime branches (i.enonreflected, or refracted due
to velocity inhomogeneities) antl! ! !, refers to these arrivals.
Fr it refers to travetime branches reflected (once or multiple
times) within the medium abovk but not on!, (remembering that
' 4 denotes the field that does not interact with and the medium
below).In eq. (&), eachwavefield on!, relatedto a traveltime branch

11l is parameterized by an amplitudé! and traveltime ! ' that
satisfy respectively the transport and eikonal equafjrsen”, 2001,
Kravtsov and Orlov, 1990!,!'"11,11 1 1,1 defines the direction of

the I'' sourcesidetravettime branch Or&pon !, .

* The receivesside Green function ., lis defined in a similar way that in
eq. (&), with !, I I, and!! ! in the notations above.

Fig. 1 gives an illustration, with! ! 11,1 for the source travdime
branch and!' ! ! !l,! for the receiver travdime branch. An important

quantity is the Oincidence ar@lé!!..;!!!!!! that is the acute angle at
position! ! 1, between!,!'" and the unit vectot normal to!, that

points Odownwafl (well defined for smooth!, only). !”"!!!!'!!!!!!
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denotes half the angle at reflector positions between !thesource
travetime branch ray and thé&' receiver traveime branch ray. For
Ospecul@® source and receiver ray pairs, i.e. reflections (that satisfy the
SnellDescartes lawBleistein et al., 2001rsin and Tygel, 1997 we have

NIRRT
IR R SRR

Ty Ty
Ay
Receiver direct
(refracted) travel-
time branch (ray)

Source reflected
travel-time
branch (ray)

W Reflector k v (r,,r)
Z

(positionS,)

Fig. 1.Source and receiver traviiine branches related by a reflection Ofrom aboveO on a
reflector k.

Fig. 1 gives an illustration, witht ! I 11,1 for the source travdime
branch and!' ! ! !l,! for the receiver traveime branch. An important
quantity is the Oincidence anglbf.'.;!!!!!! that is the acute angle at
position! ! !, between!,!'" and the unit vectot normal to!, that
points downward (well defined for smootd, only). ! 1111111
denotes half the angle at reflector positions between !thesource
travettime branch ray and th&' receiver traveitime branch ray. For
specular source and receiver ray pairs, tigflections that satisfy the
SnellDescartesaw) (Bleistein et &, 2001; Ursin and Tygel, 1994ye have

NIRRT
IR R SRR

Secondly, the @.0. (possibly complex) reflection coefficient dn is
introduced(!erven” , 2001 Kravtsov and Orlov, 1990; Bleistein et al., 2001;
Berkhout, 1982)
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!I'E!|!

o cos( & (1 gty \/!%(r!—!"#zlef.f;!r!,!)!c%!r)

RO, 1) =1 (!,! @ (rS!r)) = 1"y

inc 1ot

o r# oy \/c!z!r!—!"#zlef.f;!r!,!)!c!z!r!

1.(r) = e c(r! e )N ()= " c(! —'n()). (2b)

Kirchhoff approximation considers only source and receiver ttawnel
branches coupled with angle reflection from above o8, . This allows to
relate linearly, within @.0., ! ., to the reflection coefficients of, and

to Dipe. Py M1l =1 (0 ) ef!n, 1 lw! denotes the total reflected
wavefield measured at the earthOs surfa_iig‘k!r!,!r!w! represents the

contribution of the!®® Osourc®travektime branch, coupled with a single
reflection from above on reflectok to the !'® Oreceived travetime
branch.In traditional Kirchhoff modelling approximation, we consider only
the contributions related to direct (or reftad) source and receiver
travetime branches. Appendix femindsthe computation that leads to the
Kirchhoff modelling approximation considering one reflectdrhen,
performing the linearity approximation on refters (suppasg that the
reflectors are in a configuration where they are separable almost everywhere,
l.e. not too dense in a sense that will be clarified later), we sum each
reflectors contribution and obtain the traditional Kirchhoff modelling
approxination euation (Bleistein et al., 2001)

I (1! Niny)
Prop!ls, Ty, 0! ~ Z Z RS 1, !
=2 qjl1 1=l
P (g1 = et (v 1@ g !"#$(6”"!!r!’!’!r!)|”f! L ip 11
e (0, @) = 5 r! ( (.S.r.r!)) T0) It O8] RN
10, ) =1 (o) Q1,160 w)! 3)

All the performed approximations to obtain eq. (3) are valid for
sufficiently highfrequencies(Bleistein et al., 2001)except the linearity
approximation on reflectors thatpsysicallyvalid for not too large velocity
contrasts on the reflecto(sven if eq. (3) is mathematically well defined for
large contrasts)Subtleties about the linearity approximation on reflecto
are digussed in Appendix Arelated to nosdirect traveltime branches
(!>1 1t and j! Nl'rp)) and incident Green functionsthat can be
different for different reflectors
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Interestingly, the stationary phase approximation allows the following
replacement in eq. (3), even for non specular ray(Béeistein et al. 2001,
Bleistein, 1987Ursin and Tygel, 1997)

nyt b e m ) (4)

The ! !!..:; were defined using-0.0., eq. (2), for the demonstration of
the Kirchhoff modelling equation. But, as we factorized them in the final
result, eq. (3), a wave propagation scheme can also be used for their

computation. Ultimately, computing the!!..; should involve the true
subsurface velocity, consideing only a direct travéime branch. This is
not easywhen ! contairs discontinuities. For instance within agQo.
propagation this would imply resolving boundary conditi@eng each
discontinuity in ! . Within a wave propagation this would imply Omuting" all
reflections or the use of oveay propagatorgClaerbout, 1985; Berkhout,
1982) To avoid the need for this, it is common practice to introduce in the
modelling a smooth vetity !,.. ! ! that best reproduces trawehes and
amplitudes of a wavefield generated at the earthOs surface and measured at
the reflector positions. A smooth velocity., that meets as well as
possible those criteria can be defined through tmagahy(Woodward et al.,
2008;LambarZ2008)

However, if a strong reflector (i,ea large velocity contrast such as a
salt dome) is present in the true subsurface,ine!, the use of a unique
smooth velocity! .4 will not be able to reproduce good amplitudes at
positions below the reflector. A solution might involve considering two
different smooth velocitiesi £ for propagations related to events
occurring above the large contrast anig'* for propagations related to
events occurring below the large contrast. This would permit more freedom
in the modelling to better reproduce the phase and amplitude below the
reflector(Yarman et al., 2013)The considerations of Appendé allow to
fundamentallyjunderstand that this remains in the spirit of the most general
form of the linearity approximation on reflectors, where ittedentGreen
functions can be different for different reflectors.

Reflectivity distribution, Kirchhoff inversion and interpretation.

We convert the surface integral in eq. (3) into a volume integral to
introduce the reflectivityl , i.e, a volumetric détribution of the reflection
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codficients. We use the Osingular function of the reflectorOs hiifac¢he

Dirac delta distribution!, (!! that spikes on!, , that satisfies
fS' ey e ‘(M)1y, (Dwhere ! ! is a well-behaved extension of

! '(defined only for! ! 1) in the whole volume (that contains!,). If
L, 1 js an equation that defines the position !of, its singular
function is defined byBleistein et al., 2001

IR IRN OGN G)L (5)

We obtain (choosing to be the space under the earthOs surface located at
I'1 1) (Bleistein et al., 2001)

I(RINIDY Z lZ !j”!!! NI TN TR TR

e (10
P (1)

F(!,e(!”(!!!!!!!))! Yool (!!!(!">(!!!!!!!)) L, (D! (6)

Eq. (6) represents the Kirchhoff volumetric modelling equation
(Bleistein et al., 2001)The reflectivity I represents a distribution that
Opoint®on reflectors and contains information on the reflectiogficients
I'. The reflectivity concept becomes interesting in the context of Kirchhoff
inversion. Suppose we recorded seismic datat the earthOs surface,
pre-processed to retain only firstder reflections andproduced a smooth

subsurface model ., that allows computing !!.!.;. One carthen invert the
linear eq.(6) to recover the reflectivity . Let us consider only given
travettime branches, i.e.given ! and ! values (for instance the ones
related to the shortest tratimles). We return to!!!..;i (! 1" for

reflectiong in eq. (6) for the practical purpose of removing thHe
dependency of the reflectivignd allow inversions per full shof, (1, !!) !

Cro gty t St i, One obtains the followinginear
inversion for each shote. ! r,
Mo (1) !

!"#ﬁ!'('#”)f!!" Fronwennyr fontnn it (7)

This is called leassquares Kirchhoff inversion or true amplitude migration
by shotqClaerbout, 1985; Tarantola, 20@gistein, 198Y. The reflectivity
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Is rigorously speaking asingular distribution, but the result of the
bandlimited (limited w range) and apertwienited (limited !, range)
inversion (7)gives an estimaté ., (!,!!) of the reflectivity OconvolvedO
with a filter, that can be interpreted as a functi@y making certain
assumptions, amongst others one of real reflectodficients, (Bleistein,
1987)showsthat (I" then has the dimension of a time divided by a squared
distance)

1y 11,101 ESH!H!ﬁﬂ!ﬂ”!(r#$ii%i”!”>.hd!!HH

!PO!Q))!}i!fW'u"!N”!Q)! (8)

where ! represents the residual (balmited) wavelet present in the data
(after preprocessing). It maps i, (also calledreflectivity by slight
abuse of languagethrough eq. (8).The bandimited Dirac ! peaks
where ',/ 1111 1 je, on the reflector! positions. The inverted
reflectivity I, is thusalso called an image of the reflectors, or seismic
image (Tarantola, 2005, Bleistein, 1987; Claerbout, 1985)maps in the
image in the directioperpendicular to the reflectors, see AppendixOf
course enough frequency and receiver aperture ranges are needed so that the
inversion (7) gives an unambiguous result, depending amongst others on the
number of samples that describe the reflectiily. (8) allows us to deduce
(Bleistein, 1987)

H h”mlﬁ(hu)!!!!(Hhﬁ(hu))cw$”wnwn>

g 111

L Shefrr n () 9)

Suppose we could pick the amplitude variatiatsng the amplitude
peaks of continuous events in the image, alng reflector positions, ,
and compute the incident anglek.; using rays or wavefield
decomposition techniques and picked reflector dips. Then, using the
definition of the refletion codficient, eq.(2b), we can invert eq. (9) fof
around reflector positions. This common method of interpretation of the
seismic image is called Oamplitude versus angle" (AVA) andRsissell,
1988; Bleistein, 1987)

Now we can clarify whatwe previously meant by reflectors in a
nottoo-dense configuration almost everywhere. From the Kirchhoff
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inversion point of view this means reflectors separated almost everywhere
from each other by more than the source or receiver wavefield wavelengths
atthe dominant frequency.

GENERALIZATION OF THE KIRCHHOFF REFLECTIVITY

Born modelling approximation.

We now briefly recall the steps leading to Born modelling
approximation(Bleistein et al., 2001)We consider eq. (1) and decompose
the subsurface velocity into

1 () (10)

c!!!! TN

where !, is called a Oreference” medium velocity, &hdis the squared
slowness related to a Operturbation" of the reference medium. We
decompose the subsurface wavefield intg!, 1! e bl

Fp 1L 1HIE 1T where the reference medium wavefiéld satlsfles (in the
tlme domaln) a scalar wave equation like eq. (1) in mediumvith source

wavelet 'l | and ! is the remaining wavefield (related to the
perturbation!"). !+ can be decomposed into a linear contribution and a
nortlinear conribution (Bleistein et al., 2001)

PP I T I O IIIIIIII!
earthOs surface at !)

p I LT T T where  (considering  the
IR I IEERT AR RN )fm e e e e e
L ITL I IE L e 1 fZ” et e et (11)

'y denotes the causal Green function in the reference medium, i.e.

satisfying eq. (1) witht ! I, and!!Il 1 1111 Eq. (11) does not involve
any approximation. The Born approximation deals with the linear
contribution !, for the wavefield perturbation !, (1,111 )1

Ly (Y 11 )Iwhich represents a good approximation if

| ) " ! "
']!‘!!Ill!m! U!‘!!!!!!! (!)‘!!!#!!ﬁ! ()]
Lo () e [V JC TR ) [ 12)
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This implies that!, remains close td on average, i.e.reproduces
travektimes of firstorder scattered events.

Reformulation of Born modelling and generalized reflectivity.

We reformulate the Born modelling equation in a way that allows a
direct comparison witlthe Kirchhoff modelling eq(6). Demonstrations that
share a similar spirit can be found (Drsin and Tygel, 1997Alferini,
2002) Here we propose a different demonstration that involves ttawel
branches, and provide exhaustive detail on properties and consequences.

Firstly, as the Kirchhoff approximation involvesglo. approximation,
we introduce @.0. for the propagatioaf ! ,. Secondlywe must constrain
the perturbation" to describe at least all reflectors of the true subsurface
model !'; more generally, we constrain it to describe all discontinuities of
the subsurface. As a consequencewill be smoothandwe can consider
only direct (refracted) traveime branches

RTINS Y T TR

Ly Oyt Oemy (13)

We moreoverconstrain!, so that it reproduces the trasehes of the
first-order events, or in other words, so that it minimizes the ttawvel
corrections present ih,. . A velocity that meets this criterion as much as
possible can be defined through tomograpghyoodward et al, 2008;
LambarZ, 2008)There is thus a close link betweén and the smooth
velocity !, introduced in Kirchhoff modelling. So, we consider

L) L O Oy 0 Qo (14)

We next denote by!. ! Tt i it any  set  of
curvilinear coordinates obtained by transformation of the Cartesian
coordinates! ! !1!111); the superscript!O' denotes that the curvilinear
coordinates can be different foriffdrent !, and r, positions. The
transformation must be wailefined, i.e. its Jacobian determinant must be
nontnull at every positionr. To that aim, the curvilinear abscissa must not
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cross. We choose a transformatin 1111 11, TV TG LT
where!f..! 111 is a curvilinear coordinate in the average direction of a
direct ray that links!, to !, and of a direct ray that links to !, and

My !!..!"!!! I are cartesian codinates measured in the ! | system,
see Fig. 2. The unit vector in the direction of the curvilinear abscissa

! !'..!" s (using stadard rules of 6g.0)

Y et e
" -

M n——1 1 (15)

I
. I 11 .
T T T

e (0@ ))l
RO .

O e Oy e O O
! ! ! ! g (1)

The Jacobian matrix of the transformation is invertible becthese
is a unique incidence angle'”' at each position. Using eq. (13), we can
show that for sufficiently large frequencies (i.@r the highfrequency
leading term) we hav@he derivatives in the following are defined from the
distributional derivative pat of view)

R NI R I NI A

Ly Qo

TS (f..)(){ (“;#)((” ))!,.(.;2(!.!!!!)! ,.(.;2(!!!.!!)}! (16)
O A SR : - - -

The area whereg '"'11,1111, 11 111 corresponds to the area where
one ray can be directly traced betwelgnand !, , i.e. to the Odiving waves".
To avoidrelatedsingularities, we constrain the Green functions in eq. (13) to
contain no divingwvave traveltime branches. In areas where only diving

waves occur in the subsurface, the Green functhﬁs are thus null. This
does not reduce the generality of aronsiderations as, using notations
introduced abovethe diving waves are described by the term while the
first-order scattered events (fistder reflections and diffractions) are
described by thé, term. We also constrain without loss of gengyral”

to be null at the earthOs surface. We theerteq. (16) in eq. (1) and use
integration by parts
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L (ot i) (17)
I(I)I(I
I za)S(I)Z Zf nne |||”!!"!'III I#$””#|””””!II;ZII|II|||!,,#!!!!!!!!!

'('.)'(')

I 1'% (w) Z Z ![”!! Ll I!Inﬁ.,!!!':l !"#$!!!!!!':ﬁ!!!!|!””'!!l!,';H TRTRE !"#!”!!!! !

I(I)I(l

morg )Z Z f |||| ”'!”I"#$||!!!!':i|!|!!”” ,,!II;:” 01 !"#!!”!” ¥

! ('s) N( r) "% (1) cry (1) ® ®

Details leading to théast relationship are given in this footnotérhis

starts to look like the Kirchhoff modelling equatioAgain, aaf!fgll)' iS
Zgy -IN

defined from the distributionalerivative point of viewWe rewrite eq. (17)
as
() N(y)

(r,!, 'w) ! Z Zf d! !,# |||(u)(| Irlr))L(])(l I, 1,1)

ity 1=l

VD (i, 1,0) =% () 8,1, 1600 w)

mnc

Res (! IRICH ”!)) H |1 (ll(?)(('u)uu ))' RIGUENG} (18)

This main result consists of a reformulation of the Born approximation
using 0g.o. (Ursin and Tygel, 1997Alferini, 2002) It looks like the
Kirchhoff modelling eq(6), where! ., is the counterpart of the Kirchhoff

TIABI6$&I($1)4 1 (4$1,)-/($10,/$1" L1 (+812,3)4,&1 %6$($564&,&(1' 1! (+$1(5,&-1'56,(4'&! 1 111 1 ! e M
LU 07141+ 0$1804(+ - 4:+(1)/-$-1 11 &'(, (4'&: 1 -4&:1 <= T'T;1 >$$248&:1 (+$1 + 435S @/$&3*. $%4& '($56'4&'(+$"7$&/ (46,($!
A&S;-48:)(+SIA'66$51$.%6!5,%4, (4'&13'8 Y64 (ABILBYG! (+,(11 1! 4-18/..1,((+$1$,5(+B-1-/51,3$14&!(+$!.,-(1. 4&$C!

11 : TRIY "#”I |"'|||||||| SINININT

I g 1A 1)
| f ot ) - |"'||,||I I ||I"'||"' iy nm
TR r ' "'#$!!"'!!!!!,."!' TR #
(‘) ! 1 "l 11 TR
I ![!!!!Hlf()l!lll I 11! L, !!..#$ o ””_I#n,u, '!"|#"| TAIRTY
@)y )y T g 111 mn TYT RN
! prrrrrrrr furg g mteng !—!"#ssn” - ””!‘#H.". IRl ""!!_”_.,, !
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reflectivity distribution. Note that the Kirchhoff approximation describes
first-order reflections, whereas the Born approximation may contain more: it
can describe any firgirder events present ih, (using naationsintroduced
abovg like first-order diffractions. We caIIAgen Ogeneralized reflectivity"
even if it can describe more than reflectiovd& now have to understand
precisely the differences betwedh, and Kirchhoff reflectivity I”

rg ry
A\

Direct receiver
ray j

Direct source
ray i

vT®(r,, 1)
e

pY

[

. ~ @
curvilinear abscissa z " ,.(1)
direction

Fig.2. 1 @' 1'Y" and 2z representation foa source and a receiver diréwtvetime
branches.

Link between Born generalized reflectivity and Kirchhoff reflectivity

We here firstly verify if Born generalized reflectivitﬁgen, ed. (18),
reduces to the Kirchhoff reflectivity’, eq. (6), when the perturbation
contains only reflectoraVe introduce the velocity perturbatidh defined
by

Ll g 11"

We have (using egs. (10) and (14))! !!!l., ! 1" 11 111, . Because
I"  must be sufficiently small, we can perform &-dkder Taylor

development and obtaiti' (1) ! !'! ") As vy IS smooth and!"

Lo (1)

contains all the rapid velocity variations of the subsurface, we can consider



2

iy !

1" (r) ! ! vt ()!

Inserting this result in eq. (18) we obtalﬁg,en as a funcbn of the velocity
perturbation for a smooth,

|
. 19" U (1 Tplp )l = : N e 1 Selpl 1101
g (1079 (TIrin )! cos 0T (1,1rr, )1 cZ, 1 ey “Irl.éclr!. 119!

Let us study what happens to the Born generalized reflectivity for a
subsurface, i.e. a perturbatidth, composed only of reflectors. This can be
modelled by

M=% O (g @)=t (20)

where ! is the Heaviside function, ant,(!! a smooth (continuously
differentiable) function with compact support that has the dimension of
velocity, and simply Oadjusts” the Heaviside jumps. Whés on reflector

I', a,!!) equals the velocity jump c!'r! across the reflector (we use
notation of eq.(2b) where n is the normal to the reflectors continuously
extended between reflectors)

viel, 1, Irl =1clr!

Le()! 1, () ¢ (0)! (21)

Evaluatingthe reflection coicient, eq.(2b), when! ¢ is small we
obtain the linearized reflectioreficient R., (to 1°-order in !" )

" 1"#$$ ! ¢ .. Ac(r)
) (@) _
! (! REGIAL !!r)) Ry (!,9 D (r,, 1,1, ) = e O 2 D) (22)

We wish to compute the generalized reflectivity (19) corresponding to

the velocity perturbation (20). We start by examining Hlsl!;"a!!! " term.
We have
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e (r).vsc(r) = Z SO M[HC ) 1]
k!'!

LYy 0 i

LYt =

IO OIINONEIO)]

When inserted into egs. (18) and (19), the contribution of the
Yoo Wy THITLE, U T I 1 term is negligible compared to the
contribution of theX,,, I L1111 " 1HITL ITH 1L, 1 term. Indeed, the
second term lead® a sum of surface integralsgcause oft !'!, !1'11] for
which stationary phases exist for reflections whereas the first term (where
I'y is smooth) leads to a sum of volume integrals for which stationary
phases exist for diving waves only. As the Green functiq'r'ﬁs entering
into our Born modellig equation were constrained to contain no diving
wave, the impact of the second term can be neglected in our case. The

dominant contribution of :.5"!!! 1 s thus given by [using eq. (22)]

IR

! Z”:!!!!!!!i.?"!!!!!!!!!!!!!!!!!!!

DY I DT D g g o oo e

Inserting this result in eq. (19) gives

g (!!!0”(!!!!!!!))!

" A
Sy Wty gy 28 A

L LI L 1 (23)

g 111

We can consideragainfrom stationary phase reasonifBleistein et
al., 2001; Bleistein, 1987; Ursin and Tygel, 1997} 11111 1111
i Finally, using eq. (5), we obtain

1" 1
N R N T TI YA R T R TR Y TR TR Y

g 1

pogg 111

A (24)
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Gathering previous results we have

"#$ "H#'$%&'(") I"H#$"%& (‘&)
Cpge THIURLL DL T (25)

! : NIRRT
R I NI R T
Describes firsorder effects related to any kind of small

perturbations! ! (first-orderreflections and diffractions)

"#$"%&'I(I"#$

i 8 (110 ) L)

Py (1)
IR NI T R A TN
Describes firsorder reflections related to sufficiently weak
discontinuities

FNOL

For comparison let us remember the content of Kirchhoff reflectivity, eq. (6)

I"#$%%&8M " #$"%& (‘&)
NTRTREINIRTAY (26)

Lig (10, n)
g (1) Ly, (O

WIS I e e I

Describes firsorder (possibly postcritical) reflections related
(possibly largeryelocity discontinuities

Let us discuss what we have learned. From the propagation point of
view, Born!, has been constrained here to be very close to KirchhoffOs

'y . According topreviousconsiderations and Appendd Kirchhoff has a
slight advantage over Born becauseckhoff modelling may be more

Oeffective" (the general form of the linearity approximation on reflectors
allows different modellings for events above and below strong reflectors).
From the reflectivity point of view, we notice main differences if we

compare Born (25) to Kirchhoff (26):

1. For reflectionsBorn is based on a linearized versibp, of the Gg.o.
reflection coéficient ! , whereas Kirchhoff is basea ohe full Gg.o.
reflection cofficient ! defined by eq(2b). This represents an
advantage for Kirchhdfin describing the following:
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8,Qeflections de to larger velocity contrasts,

8)Qarger incidence angle reflections,

83Complex reflections.
These effects affect the phase of the wavefield, and are thus contained in
the nonlinear term P»  (using notationsntroduced above Because the
Born approximation does not account for it, these effects cannot be
included in Born generalized reflectivity. As those effects that are
nortlinear with respect to the wavefield perturbation are still lirveén
respectad the full Gg.o. reflection coicient, they may be accounted for
by Kirchhoff. But remind that the linearity approximation on reflectors
physically implies not too large velocity contrasts, limiting the ranges of
validity of points (a)(c).

2. For very dense reflector configuration§he generalized reflectivity
remains well defined in the limit of a configuration where it is no longer
possible to separate each reflector almost everywhere.

3. For other firstorder events (like firsbrder diffractions): Born can
describe them whereas tradnal Kirchhoff cannot. The price to pay is
that the reflectivity must then depend explicitly on the receiver positions
I, through 8'¥'!1,Ir!l. 1 (obvious for diffractions because they radiate
in every direction).

According to the first point, Kirchhoff contains more than Born.
According to the second and third points, Born contains more than
Kirchhoff. The considerations of this article allow us to gather the strengths
of both schemes in a unique scheme: one may BernOs generalized
reflectivity I, togeher with the full reflection cdéicient ! insteadof
the linearized reflection cffecient ! ;;,, to model the reflections (only).

SOME THEORETICAL COMNIDERATIONS ON THE UILITY OF THE
GENERALIZED REFLECTIVITY FOR INTERPREATION.

The Kirchhoff inversion procedure has more flexibility than the direct
inversion of the Born modelling equation. Indeed, the latter attempts to
directly recover a material property of the subsurfaégor 6c), which is
independent of the source position. The lsastares inversion of Born
modelling eq(11) is a procedure that combines the data from all souPces (
represents data recorded at the earthOs surfageppessed to retain only
first-order evets)
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IR N N Y RN I (R IR AINIBIN! (27)

Kirchhoff inversion attempts to recover a reflectivity (or a seismic
image) that is not a material property of the subsurface and depends on the
source position. Thus Kirchhoff leasfuares inversion, eq. (7), is done for
each shot (or offset if the daéme reorganized) independently. As a second
step, the material properties of the subsurface are recovered by inverting the
obtained reflectivity. This step has already been presafitedeto interpret
amplitudes of the reflectors present in the seismiggen In the following
we discusshow the generalized reflectivity concept allows us to interpret
events other than reflectors in the seismic image.

Suppose we recorded datta at the earthOs surface andgmacessed
to retain only firstorder eventswith nonlinear (or highetorder) events
filtered out (in particular multiple reflections). Suppose we also produced a
smooth subsurface mode}., that allows us to computé!!..i; and !
for chosen direct travgime branches. Tradition&irchhoff inversion, eq.
(7), inverts for a reflectivityl ., 11,111 that dos not depend on the receiver
positions!, (Bleistein, 1987) As the generalized reflectivity §itinto a
Kirchhoff modelling framework, eq. (25) can directly be used to interpret the
result of a Kirchhoff inversion (7). Or course the most exhaustive scheme to
invert for the generalized reflectivity should depend on the receiver positions
because! "1, 11111 is included in the definition of the generalized
reflectivity. This would not cause any formal difficulties but would lead to
an inversion scheme that is different from the commonly implemeanted
ed. (7), with additional itposed prolems. Here we want our considerations
to be applicable to the commonly implemented scheme. The obthined
then represents laandlimited average of’",., , eq. (25), over the receiver
positions. If!,., denotes the area over which the recemer spread, we
have

Dy (1, 11) II— I R VIR T R TR B R (R ID IR IR (D)
CUH Iy

NULID Byt SO e e d SR (29
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where ! 1. is the bandimited version of the velocity perturbation (because
in practlce we deal with baddnited Kirchhoff inversion). Inverting eq.

(28) for each shot would allow us to convert the seismic image (i.e. the
reflectivity ", computed by traditioal Kirchhoff inversion schemes) into

a velocity perturbatiori !« and viceversa. More generally one could also
invert eq. B8 for each sourceeceiver configuration. This offers
opportunities for further interpretation of seismic images and alsé\Wdr
approaches that include a reflectivity, showing how to rigorously convert the
reflectivity into a velocity perturbation.

We discussedbovethe traditional way to interpret seismic images,
considering only the amplitudes of reflectors. But saisdata and images
also contain events that are not related to reflections, for instance those
related to diffractions. It has been kinematically understood why migration
collapses firsorder diffractions in the seismic imag@€laerbout, 1985Aki
and Riclards, 198 and the generalized reflectivity considerations explain
this from a fundamental point of viewloreover,eq. £8) can be used to
interpret events related to firstder diffractions, i.e. recover the
perturbation! ! . that generates thent. we deal with a stack over shots,
we have from eq2g)

S0 ()T 1 (N g 11T L 1
D iagioen (1) ! !!(—!)!|#$%(')'”"#$'” e \/'l#$0/”!”l#$°/

rasos (D1 TS, U0 S ey e 1 M 29)

The direction of the unit vector g+ depends on the acquisition
configuration and the propagation in the subsurface (through the
"illumination direction” !,. = and !'"'!). As previously mentionedfor
reflectors, a residual wavelet maps in the direction perpendiculdreto
whate\er the acquisition. Fospike diffractors, the wavelet will map in the
g0 direction in the image stacked over shots, this direction depending

on the acquisition configurationWe denote by!!!! the curvilinear
abscissa defined by! g0 !!'! and consider the transformation
prorrmn e e el owhere 1y oand ! define the

positions at the earth surface associatetl!td. We have
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D giopr (1! ﬁ' (30)
From egs. 29) and (®), one has to integratle:'—,f 1., 11,11 over the

curvilinear abscissa to recover the banbimited velocity perturbation
I ¢;,;. We obtain, with slight abuse of notation

ep ()1 [0 !

_ e P e UL OB N L %% (31)

! averager €0. €9), is computable througtihe knowledge of the propagation

directions of the source and receiver wavefields. tbestant can be
computed by imposing thag! . (r! is null at the earthOs surface. Thus the
interpretation of more information than that associated with reflectors is
theoreticallypossibleusing thegeneralized reflectivity.

CONCLUSIONS

We recalled the chain of approximations leading to Kirchhoff and Born
modelling equations. They both contain a linearization but each offers some
specifics. The Kirchhoff approximation allows, for example, the modelling
of first-order reflections on ginger discontinuities and postcritical
reflections. Born approximation makes it possible to model reflections on
weak discontinuities only, but also fistder events beyond reflections (like
first-order diffractions). We pointed out from a fundamentihpof view
the strengths and weaknesses of these schemes.

We took the opportunity to clarify some aspects related to Kirchhoff
modelling approximation, concerning possibly rsmooth propagating
media and the linearity approximation on reflectorse iscussed how
Kirchhoff and Born modelling lead a general expression for the conversion
from velocity model perturbation to reflectivity (and conversely) through the
generalized reflectivity concept.

The generalized reflectivity offers opportunitighat have been
discussed formally in the article:

* On FWI approaches that include a reflectivity or least squares migration
approaches that can be based on Kirchhoff or Born modelling: to
rigorously convert the reflectivity into a velocity perturbation.
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* In the framework of traditional Kirchhoff inversion or true amplitude
migration: to interpret by AVA (amplitude versus angle) more
information than the amplitudes associated to-brdier reflectionsn
seismiemigrated images for instance the amplitudeof firstorder
diffractors. Also, it wouldtheoretically allow us to go beyond AVA
analysis, inverting for the whole seismic image amplitude information
(not only amplitude information at peaks) to recover the related velocity
model perturbation.

* In the framework of traditional Kirchhoff modelling scheme: to model
first-order effects that go beyond fhustder reflections (like firsbrder
diffractions).
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APPENDIX A

KIRCHHOFF MODELLING APPROXIMATION AND LINEARITY
APPROXIMATION ON REFLECTORS
|

Considering previously introduced notations arttlie representation
theorem (Aki and Richards, 1980; Bleistein et al.,, 2001 some
manipulations allow us to demonstrate thecatbed OKirchhoff integralO
(that doesiot involve any approximation)

I RIRIDY
f 1 (11 g (1410,1 )Grg (P11 T Ly (1T D! G (el 1)) 11 (DM
N (A-1)

The Kirchhoff approximation allows us to ease thsolution of eq. (A) by
finding approximate! .. and!.VGqy values for those that enter into the
integral. The essence is to assume the following relationship between the

Green functiond !!..;2 and Gﬁ.:; alonga reflector S, (Bleistein et al.,2001)

et ogrtel & i

p @ rr Oy Qe eon (A-2)

where ! ' the reflection coefficientlefined ineq. (20). Insertingeq. (A-2)
in eq. (Al), usingeq. (2a) and keeping the higfrequency leading terms

gives(Bleistein et al., 2000 ., LD L S0y U, HE M T T where

Dy j nin (!!!!EQ(!!!!))!!!!!!!!(”!!!!!!! TN

RN (A-3)

Using the property that the phasetbfs equatia is stationary when the
SnellDescartes law for reflections is satisfi@@leistein et al., 2001Ursin
and Tygel, 199y we can make theoflowing replacements eq. (A3) for
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sufficiently high frequenciegBleistein et al., 2001; Bleistein, 198@ysin
and Tygel, 199)

1 177!
IR L R R L (IS 3

RULIL v nnrmn i ey M

YOX (! O 1) +1 0)(!!!!))

TR T N T R T R ST R TR IRV AT TAT

By inserting those results irq. (A-3) and factorizing the 6g.0-Green
functions, we obtain

IIRTNTRY Z Wy 1100 0D

ER(IIDY f!!!! IR R TR NIRRT
SR . A I L
TR R IR TR T IR TR (A-4)

where !y ML IE L HHE L, T TE T denotes the total wavefield
reflected on!, and measured at the earthOs surface. E.!qi:c!h!! AR

St thin 1t s related to a single reflection event bn for the

corresponding source and receiver trawake branches. This is the-salled
Kirchhoff modelling approximation equation for one reflector. Several
extensions exist (lerven", 2001; Kravtsov and Orlov, 1990
BrandsberegDahl et al, 2003; ten Kroode et al., 1998tlok and De Hoop,
2002 Beylkin, 1985, 1986 Berkhout, 1982; Weglein et al., 1997; ten
Kroode, 2002Malcolm et al., 2009

Until now we have considered events occurmmga single reflectoin
Kirchhoff modelling eq.(A-4). Suppose the subsurface reflectors are in a
configuration where they are sephble almost everywhere, i.@ot too
dense. The idea behind the linearity approximation on reflectors is to
consider a Kirchhoff modelling equation like €4-4) for each reflector and
to sum them, in order to account for the contributions of all reflectors. We
add subscript in eg (A-4) to make explicit that it concerns reflectbr
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obviously to P!.!.f; !” and !!.!.;; !” , but also to! !”"! and ! !!..i; , because they
describe results of propagation in the medium ablgveexcluding S, , thus

different propagation results when different reflectbrsare considered. We
obtain

e
IRTRIRE RN A ANTHINITE

g o

RN (INIDY fl!!!!!!!!!”"!!!!!!!!!!! T ARIIIIRIE

Uiy DT LD LD L0 L 0 L

g TEINIRY (A-5)

The Born approximation tells us that fumtder scattering effects
(such adirst-order, or single, reflections and diffractions) can be modelled
linearly regarding the wavefield if the velocity perturbation is not too strong.
Applied to Kirchhoff modelhg (based on the reflection dbeient and not
on velocity perturbations)his linearity implies that eachecordedsingle

reflection event! !.!.f; !” can be associated with one Kirchhoff modelling
equation of the forngA-5) if the reflection cofficients are not too large. The
total reflected wavefield is obtained by Oming" the !!.!.;; ?! (here over the
reflectors and the travéime branches) The traditional linearity
approximation on reflector®leistein et al., 2001gonsiders only theD!.!.;; !”
contributions to!,, related to direct source and receiver trauake

br{i\nches, et i and ! ! 1L 1L Consequently! ., , and

" can be considered as independent of reflectoighe presence of
reflectors above a subsurface positioesinot condition directly the number

of direct waves reaching the subsurface position). We denote the'r_r'.\;by
and !''"' and finally obtain eq. (3).
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APPENDIX B

TIME-DEPTH EQUIVALENCY
|

Time-depth equivalencythers thingsmplies that the residual wavelet
11 present in KirchhoHinverted reflectivity maps in the direction
perpendicular to the reflectors. In other termg!!,!!!!l in eq. (8)
represents a bardunited delta distribution that Opeaks" in the directio
perpendicular to the interface (Bleistein et al., 2001Bleistein, 1987)To
demonstratethat, we perform a!' -order Taylor expansion of ,!!!
around the orthogonal projection bf on interface! , denoted by!, !'!!

DL Lty (DL ol 1 =1 Irt ') (B-1)

Ly byttt

where ! Iy (1)! ! is the unit vector normal to the interfate

TR

at position!, ! that points Odownward". The remainder term is negligible
within 0-g.o., ie. when the interface curvatufiae 2°-order derivatives of
I'1) is sufficientlysmall. Using eq.§-1), we have

Thusthe smearing of ;- (! ,(r!) due to the residual wavelét occurs in
the direction! (!, I'1!1.



